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Weld width, penetration, and cross-sectional area were presented as a 
function of heat input and arc heat distribution parameter in dimensionless 
forms. The theory was based on a closed form solution to a travelling 
gaussian heat source. The gaussian heat distributions were determined by 
measuring actual heat distributions in arcs on a water-cooled copper anode. 
The results indicate both welding process parameters (current, arc length, 
travel speed) and material parameters have significant effects on weld pool 
shape. The prediction was compared with experimental results with generally 
good agreement. 
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$ = dimensionless distance y 
t,=1 dimensionless distance z 

Introduction 

It has been more than forty years since Rosenthal presented his 
solution of a travelling point source of heat [l] which has been the basis 
for most subsequent studies of heat flow in welding. Christensen put the 
results in dimensionless form in order to demonstrate that the solution 
applies to many materials over wide ranges of heat input [Z]. Since that 
time a number of refinements have been offered [3-61. Several have 
attempted to use a more realistic distributed heat source [3,4,6], but none 
have solved the entire temperature field for a travelling distributed source, 
More recently, a general form of the travelling distributed heat source has 
been offered, but calculations of the thermal field were limited and un- 
explained [7]. 

As pointed out by Rykalin 131, a heat flow model needs to take the 
following factors into consideration: 

non-constant thermal properties 
8 heat of phase transformation 

heat input magnitude and distribution 
plate geometry 
convection and surface depression in weld pool [8]. 

Although Christensen's experimental results indicate that the Rosenthal 
solution gives good agreement with the actual weld bead size over several 
orders of magnitude, the scatter can be as much as a factor of three. The 

work of Grosh f91 showed that the effect of non-constant thermal property 
can only make a 10-15 percent difference in the weld pool geometry, and 
Malmuth [5] has shop that the effect of latent heat can only make a 5-10 
percent difference. Obviously, the heat input magnitude solution of 
Rosenthal modified for non-constant thermal properties and latent heat can- 
not explain the difference between theoretically predicted and experiment- 
ally measured importance of the heat distribution on the plate surface. 
Fortunately, several investigators have measured actual heat distributions 
in arcs on a water-cooled copper anode [10,11,12]. Using these results, it 

is possible to determine whether the presence of a distributed rather than 
a point source of heat can explain the range of weld shape variation 
measured by Christensen and others. 

It should be emphasized that this solution retains all but one of the 
simplifying,assumptions used by Rosenthal including absence of convection 
in weld pool, constant thermal property, and no latent heat of phase trans- 
formation. The only change is the use of a distributed rather than a point 
source of heat. In spite of these simplifications, it will be shown that 
the results not only agree with the Rosenthal solution in the limit, but 
that they are capable of explaining most of the experimental scatter. 

Formation of the Solution 

Rosenthal's solution for the temperature distribution produced by a 
travelling point heat source was converted to dimensionless form my 
Christensen [Z]: 

h e  the p a n g  P e t e  n, includes the heat input, the travel speed, 
and the thermal diffusivity of the workpiece. 

The solution for a gaussian heat source travelling on the surface of a 
semi-infinite plate as shown in Figure 1 can be formulated as follows: ne 
gaussian heat source, Q, as shown in Figure 2, is defined by the magnitude, 
q, and the distribution, a. The heat distribution, Q, is given by 

Figure 1 - A gaussian distributed heat 
source moving on the surface of a semi- 
infinite plate, and (ftL,r) are the 
dimensionless distances from the center 
of the arc in a coordinate moving at 
speed, v, in the x direction. 

The heat conduction equation is solved first in a fixed coordinate using an 
instantaneous gaussian heat source. It is then integrated with respect to 
time in a moving coordinate to provide a quasi-steady state travelling 
solution. The temperature rise for a point of heat, 6Q, in a very small 
amount of time given by [13]: 



where 6Q is the amount of heat located at position (xr,y',z') at time t', ' 

The solution of an instantaneous gaussian heat source is the super position 
of a series of point heat source solutions over the distributed region. 
By substituting the gaussian distributed heat source for the point heat 
source 6 0 ,  this superposition is performed by the integration 

This corresponds to the rise of temperature during a very short time 
interval from time, t', to t'+dtf due to an amount of gaussian heat q dt' 
released on the surface. 

When considering the gaussian heat source travelling with a constant 
speed v, the total increase of temperature is the sum of all 

contribu- 

tions in the time intewal'from t'=o to tf=t. A simpler expression of the 

solution is expected if the solution is presented in a moving coordinate 
system with travel speed v. This summation can be carried out again by 

integration. 

For simplicity, let t9'=t-t', then dtl'=-dt' and x-vtV=u+vt', where w=x-vt. 
Eq. 9 can be written as 

This is the solution of the temperature distribution for a gaussian distri- 
buted heat source moving on a semi-infinite plate with no change in phase. 

Further solution of this equation requires a numerical procedure. 
This solution can be reduced to the Rosenthal equation in the limit of a point 

heat source. By requiring u = 0, Eq. 7 is reduced to Eq. 1. 

Figure 2 - Gaussian distribution function: 
Distribution, o ,  is defined as the standard 
deviation of the gaussian function. 

Results and Discussion 

Results of the Model 

In order to present the solution of Eq. 7, it is necessary to know the 
Value of the distribution  parameter,^. Nestor (10). Schoeck (11). and 
Tsai (12) have measured the heat distributions of arcs on water-cooled 
anodes. Although the measured distributions are not true gaussians, the 



results can be approximated as gaussians by a least squares regression, 
subject to the constraint that the total area under the experimental and 
the gaussian curves are equal. This produces a gaussian distribution of 
equal total heat input as the experimental distribution. 

Figure 3 shows the distribution parameter, o,  as a function of current 
and arc length. The distribution parameter, o ,  increases both with arc 
length and current and ranges from 1.6m to 4 . h .  It is also important to 

know the typical values of operating parameter, n, and dimensionless dist- 
ribution parameter, u. Typical values of n and u for gas tungsten arc 
welding on carbon steel are shown in Table 1 A travel speed of 2.5lum/sec. 
and a distribution parameter of 2.4m will give a dimensionless distribu- 
tion parameter, u, of 0.6 and an operating parameter, n, of .7. 
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Figure 3 - Distribution parameter, a, is a function of 
arc length and current. 

Figures 4 and 5 show the width and depth of the weld pool. AS a 

function of the operating parameter, n, Figure 4 shows that at low n, which 
corresponds to low heat input, the weld width is less than the ~osenthal 
solution, but as n increases, the width rapidly increases to greater than 
tho Rosenthal solution. Figure 5 shows that the weld depth always remains - -. - - - - - - . . 
less than the Rosenthal solution. 

Table I - Typical Values of Operating Parameter, 
n, and Dimensionless Distribution Parameter, u. 

Distribution Parameter 

Thermal Conductivity 

Heat Capacity 

Thermal Diffusivity 

Travel Speed 

Current 

Voltage 

Arc Efficiency 

Heat Input 

Operating Parameter 
- - .  

Dimensionless Distribution 
Parameter u .6 

0.00 0.30 0.60 0.90 1.20 1 .50 

OPERATING PARAMETER, n 

Figure 4 - W* versus n: Dimensionless weld width W* versus 
operating parameter, n, as a function of dimensionless distri- 
bution of parameter, u. 
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OPERATING PARAMETER, n 

Figure 5 - TO* versus n: Dimensionless weld depth WD* versus 
operating parameter, n, as a function of the dimensionless dis- 
tribution parameter, u. 

The result is consistent with the work of Glickstein (14). He 
measured changes in weld width with arc length at constant heat input. 
Similar tests made in our laboratory are shown in Figure 6. At low heat 
inputs the weld width decreases with increasing arc length. A physical 
explanation for these results is that at low heat input a broader heat 
distribution will produce a narrow weld because there is not sufficient 
heat to cause melting. However, at high heat input, there is always suf- 
ficient heat to cause melting. A broader heat distribution will produce a 
greater weld width. At a heat input between 500J/mm and 750J/mm the slope 
of width versus arc length changes from negative to positive. This transl- 
tion region corresponds to the crossover region of Figure 4. 

Figure 7 shows the depth to width ratio as a function of operating 
parameter, n. The ratio varies from 0 to . 3  which is consistent with most 
ratios which have been reported in the literature (15). Nonetheless, 
recent results show that under some conditions convection may have a strong 
influence on weld pool shape (16). As noted previously, convection is not 
considered in the solution presented here, yet under many circumstances 
the pure convection model presented here is reasonable accurate. 

0 . 0  2-9 4 .8  6 . 0  8 . 0  

ARC LENGTH, A L C a m i  

Figure 6 - WW versus arc length: 
Experimental weld width versus arc length as a function of 

heat input per unit length. 

a a n  0.30  0 . 5 0  0 . ~ 0  1 . 2 0  1 . 5 0  

OPERATING PARAMETER, n 

Figure 7 - WD*/WW* versus n: 
Calculated depth to width ratio versus operating parameter, n, as a 

function of the dimensionless distribution para- 
meter, u, equal to 0, 0.4, 0.6 and 0.8. 



Figure 8 gives the weld cross sectional area. This is made by complete 

solution of ~ q .  7 in two dimensions. It is seen that the area deviates sig- 

nificantly from the Rosenthal solution depending on the distribution of the 
heat source. 

0.00 0.36 0.80 0.90 t.20 l . S @  
OPERATINS PARAMETER. n 

Figure 8 - Dimensionless area of the weld metal, 
WA*, versus operating parameter, n, as a function 
of the dimensionless distribution parameter, u. 

B.BB 0.30 0.80 0.90 1.20 i s a  
OPERATING PARAMETER, n 

Figure 9 - Distributed source solution is in good 
agreement with experinental data. 

The accuracy of this model was tested using three levels of heat 
distribution. Changes in the process parameters such as current and voltage 
were correlated with changes in heat distribution on the surface of a water- 
cooled anode. The experimental weld width as a function of n and u are in 
good agreement with the theory as shown in Figure 9. 

Conclusions 

The travelling distributed heat source thoery provides the first 
a ~riori estimates of weld pool geometry based upon fundamentals of heat 
transfer. Although a number of simplifying assumptions remain, the agree- 
ment between theory and experiment is Improved considerably over previous 
models; however, the greatest value of this work does not lie in the ability 
to predict the absolute size of the weld zone. Rather, the strength of this 
new theory is that it gives an accurate functional relationship between 
both process parameters and materials parameters. The theory provides a 
model which can be used to assess how changes in the process or in the 
material will influence the weld geometry. Such a model is essential to 
many automation and control strategies now being considered for welding 
processes. 
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